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Following the methods of a previous paper, the Compton incoherent scattering functions for Li, Li +, 
Be, Na, Na +, A1 +, A1 +a, K +, CI-, Ca, Ca+ and Ca +~ have been calculated using I-Iartree-Fock self- 
consistent-field wave functions. As was found earlier, the exchange terms in the Waller-Hartree 
expression are of considerable importance for obtaining accurate values of the incoherent scattering 
intensities. Comparison is made with earlier calculations and with the experiments of Laval on KC1, 
and Cribier on CaF~. 

1 
This paper  represents a cont inuat ion of an investiga- 
t ion aimed at  determining highly  accurate Compton 
incoherent  scattering functions for those atoms for 
which Har t r ee -Fock  self-consistent-field wave func- 
tions are known. In  earlier publicat ions we reported 
results found for a luminum (Freeman, 1959a), Ne, 
Cu +, Cu and  Zn +~' (Freeman, 1959b) and N, iN-, O-, O, 
0% 0 +~', 0 %  F, F- ,  Si+a, Si +a, Si and Ge (Freeman, 
1959c). In  this  work, and in the work of Keat ing  & 
Vineyard  (1956) on carbon, and Milberg & Brailsford 
(1958) on boron, carbon and oxygen, i t  was found 
tha t  (a) inclusion of the exchange terms in the Waller  
& Har t ree  (1929) expression resulted in marked  
decreases from previously avai lable  da ta  (Compton & 
Allison, 1935) and  (b) these values were in good agree- 
ment  with the available exper imenta l  results. 

Using the methods outl ined earlier (Freeman, 1959b) 
for determining the necessary mat r ix  elements,  in- 
coherent scattering intensit ies have been calculated 
for some other atoms and ions (as listed in the title) 
using numerical  Har t ree-Fock wave functions.* For 
each of these the wave functions used were those cal- 
culated for the  appropriate  electronic ground state. 
The results are given below. 

2 
The formulae for the scattering functions for the atoms 
and ions discussed in  this  paper  are given below for 
the configuration and  ground state listed. The notat ion 
used follows tha t  given earlier (Freeman, 1959b). 

* References for these Hartree-Fock wave functions are 
as follows: 

Li+ & Li: Fock & Petrashen (1935) 
Be: I-Iartree & ttartree (1935) 
Na + & Na: Hartree & Hartree (1948) 
A1 +a & AI+: Froese (1957) 
K + & CI-: Howland (1958) 
Ca ++, Ca +, Ca: Hartree & Hartree (1938) 

1) El+: Is 9', 1S 

~ -  (Li+) = 2f2~ 

2) Li:  lse2s, kS 
~ ( L i )  2 2 ~ 2 = 2fls +]2s + 2f1~, 2~ 

3) Be: l s22s 2, 1S 
.~- (Be) = 2f2~ 2 2 + 2fo., + 4/ls, o_~ 

4) Na+: ls22s22p6, 1S 
~ - ( N a  +) 2f~ 2 2 = + 272, + 12f~s 6f2p + 4fls, 2, + ,2p 

+ 12f~,, 2p + 12f22p, 2p 
5) Na:  ls22s22p63s, 2S 

(Na) = ~ (Na+) + f ~  + 2 fk  3~ + 2fk  3~ + 6f~. ~ 
6) AI+a: ls22s22p6, 1S 

~ -  (Al+a) = ~ -  (Na+)* 
7) AI+: ls22s22p63s2, 1S 

4 2 2 ~(Al+)=~(Al+~)+2f~+4f~,~+ f~,~+ 12A~,~ 
8) K+: ls22s22p63s23p6, 1S 

2 2 2 (K + ) =  ~ (A1 +) + 6f~p + 12 (fls, ap +f2,, 3p +fa,,  ap) 
+ 12f~p, ap+ lef22p, av(0)+ 24f2p, ap(2) 

9) CI-: ls22s22p63s23p6, 1S 
~-(C1-) = ~ ( K + )  

10) Ca++: ls~2s22p63s23p6, 12 
~ ( C a + + )  = ~- (K+)  

11) Ca+: ls22s22p63s23p64s, 2S 

~-  (Ca+)= ~ (Ca++)+fl, 4- 2 (f~,. ,~ 4-f~,. ,, 4-f~,. ,,) 
+ 6 (f~, 9p +f~,, ap) 

12) Ca: ls~2se2p~3s~3p~4s 2, ~S 
~ ( C a )  ~ ( C a + + ) + 2 f ~ + 4  e + 2 = ( f~ ,  ~ f2s, ~ +fa~, ~) 

+ 1 2 ( f ~ ,  + 2 ~ f~. ~) 

In  these expressions, ~=Z~w~lf~¢l e and the inten- 
s i ty (omitt ing the Bre i t -Dirac  factor) is given by  

* ~-(Al+a)=~-(Na~) means: the formula for Al+a is the 
same as the formula for Na+; the integrals are not the same. 
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T a b l e  1. Calculation of the X-ray incoherent scattering functions for L i  +, L i  a n d  B e  

sin 0/2 

0.0 
0.1 
0.2 
0.3 
0-4 
0.5 
0.6 
0.7 
0-8 
0-9 
1.0 
1.1 

Li  Li+ 

f la  f2s fls,2a Xl~ t l  2 ~-  3--,~- ,~" 
1.0000 1"0000 0"0000 3"000 3"000 0-000 2"000 
0"9679 0.2803 0"0191 1"952 1"953 1"047 1"874 
0.8810 -- 0.0204 0-0554 1.553 1,559 1.441 1.552 
0.7612 -- 0"0099 0.0789 1-159 1,171 1"829 1,159 
0.6322 0.0057 0"0830 0"799 0.813 2.187 0"799 
0.5112 0-0099 0"0752 0"523 0"534 2.466 0"523 
0"4067 0.0095 0"0631 0"331 0"339 2.661 0"331 
0"3209 0"0084 0"0511 0.206 0.211 2,789 0"206 
0"2526 0.0061 0.0407 0"128 0"131 2"869 0"128 
0.1992 0-0059 0-0322 0"079 0"081 2.919 0-079 
0.1578 0-0032 0"0256 0"050 0"051 2.949 0"050 
0.1258 0.0050 0"0204 0"032 0"033 2.967 0"032 

Be  

sin 0/4 fls f2s fls,28 Zl~el  2 ~" 4 - 5 z -  
0.0 1.0000 1.0000 0.0000 4.000 4.000 0.000 
0.1 0-9828 0.5494 0.0114 2.535 2.535 1"465 
0-2 0"9349 0"0950 0.0385 1.766 1.772 2.228 
0"3 0.8623 --0.0163 0-0670 1.488 1.506 2.494 
0"4 0-7746 -- 0.0146 0"0865 1,200 1.230 2"770 
0"5 0"6810 0"0001 0"0944 0"928 0.964 3"036 
0-6 0"5885 0"0087 0.0929 0.693 0.727 3.273 
0.7 0.5024 0.0126 0"0858 0"505 0.535 3"465 
0"9 0"3579 0"0115 0"0660 0.256 0.274 3"726 
1"1 0.2520 0-0076 0.0478 0"127 0"136 3.864 

sin O/2 
0.0 
0.1 
0.2 
0.3 
0-4 
0-5 
0.6 
0-7 
0.9 
1-1 

T a b l e  2. Calculation of the X-ray incoherent scattering functions for N a +  a n d  N a  

H a  + 

A, f2~ J2v f1~,2~ fl~,2v f2~,2v f2v,2v Z l~ l  2 o~ 
1.0000 1.0000 1"0000 0.0000 0"000 0"000 0"000 10-000 10.000 
0.9980 0.9478 0"9423 0"0023 0"019 --0.162 0"019 9.121 9"440 
0-9919 0"8087 0.7950 0.0073 0.036 --0.2814 0.078 7,141 8,107 
0.9820 0.6251 0.6128 0.0151 0.0529 -- 0.3365 0.134 5.179 6.572 
0.9684 0"4399 0.4417 0.0253 0.0673 -- 0-3349 0-170 3"780 5.183 
0.9512 0"2821 0"3033 0"0370 0.0793 --0.2975 0.1887 2,948 4,091 
0.9309 0.1628 0.2006 0"0496 0"0887 -- 0.2444 0.1879 2"451 3,272 
0.9078 0-0809 0.1285 0.0624 0.0956 -- 0.1895 0-1754 2.130 2-686 
0.8547 + 0.0010 0.0467 0"0859 0.1017 --0.0986 0.1381 1"703 1.973 
0-7946 --0.0163 0.0121 0.1041 0.1005 --0.0410 0.1007 1.385 1.570 

~N~a 

sin 0/2 f3s fls,ss f2s,us fss,ev 2Jlf~l ~ o~" 11--o~" 
0-0 1.0000 + 0.000 + 0.0000 + 0.0000 11.000 11.000 0.000 
O. 1 + 0.2166 0.000 0-0210 + 0.0366 9" 168 9"496 1.504 
0.2 -- 0.0327 0.0007 0.0568 + 0.0234 7.142 8.117 2.883 
0-3 -- 0.0052 0.0018 0.0727 -- 0.0099 5.179 6.583 4.417 
0-4 + 0-0070 0.0032 0.0657 -- 0.0317 3.780 5-198 5.802 
0.5 0.0086 0.0048 0.0482 -- 0.0384 2.948 4.105 6-895 
O. 6 0.0054 0.0066 0.0304 -- O. 0360 2.451 3.282 7.718 
0.7 0.0038 0.0085 0.0164 --0-0295 2.130 2.692 8.308 
0.9 0.0010 0.0120 + 0.0015 -- 0.0164 1.703 1.975 9.025 
1.1 0.0021 0.0148 -- 0.0023 -- 0.0072 1.385 1.571 9.429 

2 - - ~ "  

0.000 
0.126 
0.448 
0.841 
1.201 
1.477 
1.669 
1.794 
1,872 
1.921 
1-950 
1,968 

1 0 -  -~- 

0-000 
0.560 
1.893 
3.428 
4.817 
5.909 
6.728 
7-314 
8.027 
8.430 

/inc. = Z -  ~ - .  Z is t h e  n u m b e r  o f  e l e c t r o n s  i n  t h e  a t o m  
o r  ion .  

3 

T h e  c a l c u l a t e d  v a l u e s  of  f~1, ~ - ,  a n d  Z - ~  a r e  l i s t e d  
i n  t h e  T a b l e s ,  f o r  e a c h  a t o m  a n d  ion ,  a s  a f u n c t i o n  of  
s i n  0 / 2  i n  j ~ - i  u n i t s .  I n  o r d e r  t o  b r i n g  o u t  t h e  i m -  

p o r t a n c e  o f  t h e  e x c h a n g e  c o n t r i b u t i o n  t h e  v a l u e s  o f  

t h e  d i a g o n a l  t e r m s  Xi  Ifl~[ 2 a r e  a l s o  i n c l u d e d .  F o r  Al+8 

a n d  AI+,  w e  l i s t  o n l y  Z t  I f . I  2 a n d  -o~ s i n c e  t h e  f i j  u s e d  
i n  t h e  c a l c u l a t i o n s  w e r e  t h o s e  r e p o r t e d  e a r l i e r  f o r  
M u m i n u m  ( F r e e m a n ,  1 9 5 9 a ) .  I n  t h e  F i g u r e s ,  g r a p h i c a l  

c o m p a r i s o n  is  m a d e  w i t h  t h e  v a l u e s  of  t h e  s c a t t e r i n g  
i n t e n s i t i e s  o b t a i n e d  e a r l i e r  b y  J a m e s  & B r i n d l e y  
(1931) ,  r e f e r r e d  t o  a s  J & B  i n  w h a t  f o l l o w s .  

F o r  L i+ ,  L i ,  a n d  B e  t h e  d i f f e r e n c e  b e t w e e n  o u r  v a l u e s  
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T a b l e  3. X-ray incoherent scattering functions 
for A_t + and A1 +3 

AI+ 
sin 0/~ ~] f i : iJ  ~ ~ 1 2 - ~  

0-0 12.00 12.00 0"00 
0"1 10.21 10-43 1.57 
0-2 8"19 8"90 3"10 
0"3 6"55 7"76 4"24 
0.4 5"08 6"58 5.42 
0.5 3.96 5.49 6"51 
0-6 3.20 4-56 7-44 
0.7 2-70 3"79 8"21 
0-9 2.11 2-71 9.29 
1.1 1.74 2.08 9.92 

Al+a 
s in  0/A Z ' l f ~ l  , ~  1 0 - ~  

0.0 10.00 10.00 0.00 
0-1 9.49 9.69 0.3l 
0.2 8.17 8.85 1.15 
0.3 6-55 7.72 2.28 
0-4 5.08 6.53 3.47 
0-5 3-96 5.43 4.57 
0.6 3-20 4.49 5.51 
0.7 2.70 3.73 6.27 
0-9 2.11 2.68 7.32 
1.1 1-74 2.06 7.94 

a n d  t h o s e  o f  J & B  is s m a l l .  T h i s  is e x p e c t e d  s i nce  t h e r e  
a r e  f e w  e x c h a n g e  t e r m s  fo r  t h e s e  e l e m e n t s  of  l o w  
a t o m i c  n u m b e r .  W i t h  i n c r e a s i n g  a t o m i c  n u m b e r  t h e  
c o n t r i b u t i o n  of  t h e  e x c h a n g e  t e r m s  b e c o m e s  m u c h  
m o r e  i m p o r t a n t ,  a n d  t h i s  is s h o w n  in  t h e  l a r g e  dif-  
f e r e n c e s  b e t w e e n  o u r  v a l u e s  a n d  t h o s e  of  J & B .  T o  
i l l u s t r a t e  t h e s e  l a r g e  d i f f e r e n c e s  w e  h a v e  p l o t t e d  in  
F i g s .  4 a n d  5 o u r  r e s u l t s  fo r  K +  a n d  C1- c a l c u l a t e d  
w i t h  a n d  w i t h o u t  t h e  e x c h a n g e  t e r m s  i n  t h e  W a l l e r -  
H a r t r e e  e x p r e s s i o n .  As  is s h o w n  in  t h e s e  F i g u r e s ,  

l 
~ a ~ ~a~ ~'~ Be 

3 z// / 5-- -------- " Li 

Z-~ 

2 ~ z z  Li + 

I. 

I. "~ 

1 ~ "  

0.2 0.4 0.6 0.8 1.0 
sin8 -1 ,(A ) 

Fig. 1. Incoherent  scat tering funct ions for Li+, Li urid Be:  
the  solid curves are our da ta  and  . . . .  A . . . .  denotes the  
J&B values. 

Z - ~  

1of 
/ J-~'f ~ . . . . ~ - I N a  

8 

7 

6 
! 

5 / 
/, 

4 

3 

0 0.2 0.4 0.6 0.8 1.0 
sin0 -1 (A) 

F ig .  2. I n c o h e r e n t  s c a t t e r i n g  f u n c t i o n s  fo r  N a  + a n d  N a :  T h e  
so l id  cu rves  are o u r  da ta ,  - - - - / k  . . . .  deno tes  t h e  J & B  
values for Na and --[Z~-- denotes the  J&B values 
for Na +. 

Z - ~  

12 

11 

10 

9 

8 

/ 
7 ? 

I 

/ 
6 / 

s / 

4! /I 

/ ~'" 1 1  

/t,  
/ 

/ 
/ 

/ 
/ 

0 0"2 0~4 ' 0'.6 ' 0'-8 ' 1'.0 ' 
sin 0 (A-l) 

,E 

Fig. 3. Incoherent  scat tering functions for A1, AI+, AI+a: The 
solid curves are our  da ta  compared  wi th  J & B  values for 
a luminum,  denoted  by  . . . .  A . . . .  , the  A1 values were 
t aken  from an earlier publ icat ion (Freeman, 1959a). 
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K + 

16-  ~ A  

14 - ... ~ . . ~  7.~----- 

lO 

8 

6 

4 

2 
, / ,  

o /~'~ t i I t i t I 1 I t 
0 0.2 0.4 0.6 0"8 1.0 

sinO -1 (A)  

Fig. 4. Incoherent  scattering function for K+: The solid curve 
is our data  calculated from the complete Waller-Hartree 
expression, the long dashed curve is our data  with the 
exchange terms omitted, and . . . .  /k . . . .  denotes the 5&B 
values for K+. 

Z - ~  

l Cl- 

16 .. ~.~.~..~ 

14 .A~-~ ~'~'~ 
f 

0 1 /  I I I I I 1 I t I 
o o.2 o.~ o.6 o'.s ~Io 

sin 0 (A-l)  
A 

Fig. 5. Incoherent  scattering function for CI-: The solid curve 
is our data  calculated from the complete Waller-Hartroo 
theory,  the long dashed curve is our data  with the exchange 
terms omitted, and . . . .  /~ . . . .  denotes the J&B values for 
C1-. 

t h e s e  e x c h a n g e  t e r m s  a c c o u n t  fo r  a l m o s t  all  t h e  
d e v i a t i o n s  f r o m  t h e  J & B  d a t a .  T h e  r e m a i n i n g  s o u r c e  
of d i s a g r e e m e n t  a r i ses  f r o m  s o m e  o t h e r  a p p r o x i m a -  
t i o n s  in  t h e  J & B  p r o c e d u r e s .  T h e s e  w e r e  d i s c u s s e d  
e a r l i e r  ( F r e e m a n ,  1959b). T h e s e  c o m p a r i s o n s  a r e  m o s t  
c l e a r l y  s h o w n  in  T a b l e  7 w h e r e  w e  h a v e  l i s t e d  b o t h  
t h e  a b s o l u t e  a n d  p e r c e n t a g e  d i f f e r e n c e s  of t h e  J & B  
v a l u e s  f r o m  o u r  d a t a .  T h e  l a r g e  d i f f e r e n c e s  t a b u l a t e d  

fo r  K +, Cl- ,  a n d  Ca++ w e r e  a lso f o u n d  e a r l i e r  (F ree -  
m a n ,  1959c) fo r  t h e  h i g h e r  a t o m i c  n u m b e r  e l e m e n t s ,  

p o i n t i n g  u p  t h e  i n a d e q u a c y  of t h o s e  c a l c u l a t i o n s  in  
w h i c h  e x c h a n g e  is n e g l e c t e d .  

4 
A l t h o u g h  t h e r e  h a v e  b e e n  v e r y  f e w  e x p e r i m e n t a l  
d e t e r m i n a t i o n s  of t h e  C o m p t o n  i n c o h e r e n t  i n t e n s i t y  t o  

d a t e ,  s u c h  d a t a  is in  f a c t  a v a i l a b l e  fo r  s o m e  of t h e  
a t o m s  l i s t e d  in  t h i s  p a p e r .  I n  p a r t i c u l a r  c o m p a r i s o n  

T a b l e  4. C a l c u l a t i o n  o f  the  X - r a y  

sin 0/~ f l s  f2s f2p f3s 
0-0 1.0000 1.0000 1.0000 1.0000 
0.1 0.9994 0.9870 0.9889 0.8700 
0-2 0.9974 0.9494 0.9568 0.5704 
0.3 0.9942 0.8898 0.9059 0.2710 
0.4 0-9896 0.8130 0.8401 + 0.0742 
0.5 0.9838 0.7242 0.7640 -- 0.0141 
0.6 0.9768 0.6290 0.6821 --0.0322 
0.7 0.9686 0.5328 0.5984 -- 0.0190 
0.9 0.9490 0-3532 0.4396 +0.0174 
1.1 0.9252 0.2082 0.3053 +0-0297 

i n c o h e r e n t  s c a t t e r i n g  f u n c t i o n  f o r  K + 

K+ 

f ~  f2r, 2~ /8~, 3p f l , ,  2~ f2~, 2p f3s, 2, 
1-0000 0.000 0-0000 0.0000 0.0000 0.0000 
0.8382 0.013 0.0630 0.0128 --0.077 0-0197 
0.4960 0.015 0.1700 0.0256 --0.1528 0.0322 
0.2017 0.030 0-2207 0.0385 --0.2177 0.0346 

+0.0403 0-061 0.1973 0.0506 --0.2707 0.0256 
- -  0.0170 0.0886 0.1406 0.0620 -- 0.3093 + 0.0087 
--0.0212 0.1147 0.0833 0.0724 --0.3336 --0.0125 
--0.0075 0.1390 0.0411 0-0821 --0.3440 --0.0339 
+ 0.0184 0.1784 + 0.0020 0.0970 -- 0.3308 -- 0.0662 
+0"0262 0.1987 --0.0040 0.1133 --0.2868 --0.0779 

sin 0/4 fls,8~ f2~,3p ]3~,8p f2~,sp(0) f2p,sp(2) 
0.0 0.0000 0.0000 0.0000 0.0000 0.0000 
0.1 0.0035 0.0215 - 0.2605 0.0079 -0 .008  
0.2 0.0066 0-0367 - 0.3655 0.0291 -0 .0099 
0.3 0.0100 0-0423 - 0.3132 0.0578 -0 .0206 
0.4 0.0132 0.0374 - 0-1968 0.0868 -0 .0286 
0.5 0-0159 0-0242 - 0.0921 0.1104 -0 .0318 
0.6 0.0191 + 0.0062 -0-0267 0.1256 -0 .0302 
0.7 0.0218 -0 .0128 +0.0042 0.1316 -0 .0236 
0.9 0.0267 -0 .0437 0-0100 0.1217 -0 .0029 
1.1 0.0305 - 0.0579 - 0-0042 0.0965 + 0-0181 

f l , , ~  fls,3s f2~,ss Xi~d  2 ~ 1 8 - ~ -  
0.0000 0.0000 0.0000 18.00 18.00 0.00 
0.0006 0.0002 0.0081 15.59 16.50 1.50 
0.0024 0.0006 0.0303 11.76 13.70 4.30 
0.0053 0.0014 0.0604 9.47 11.34 6.66 
0-0094 0.0025 0.0913 8.05 9.59 8.41 
0.0144 0.0039 0.1165 6.82 8-35 9.65 
0.0203 0.0055 0.1323 5.74 7.43 10.57 
0.0269 0.0074 0.1375 4.85 6.67 11.33 
0.0419 0-0116 0.1217 3-59 5.35 12.65 
0-0581 0-0164 0.0875 2-84 4-27 13-73 
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~* S ~ ' ~  0 
1.5 - Co,+(j a B ) _ _ ~ a . . . ~ Q  + 

. .  /yj  

,,'7// 

0-2 0-4 0"6 0"8 1 "0 
sin # -1 ( A )  

F i g .  6. I n c o h e r e n t  s c a t t e r i n g  f u n c t i o n s  fo r  Ca  ++ , Ca+ a n d  C a :  
T h e  so l i d  c u r v e s  a r e  o u r  d a t a  a n d  . . . .  P. . . . .  d e n o t e s  t h e  
J & B  v a l u e s  f o r  Ca  ++. 

can be made  with Laval ' s  (1942) measurements  on 
KC1 and Cribier 's (1958) measurements  on CaF2. 

For KC1 the comparison with our theoretical  values 
is shown in Fig. 7 where we have also included the 
J & B  values as listed in Compton & Allison (1935) for 
K + and C1-. (The Brei t -Dirac  factor was omit ted from 
the two theoretical  curves in Fig. 7 as it would have 
lit t le effect at  the low sin 0/;t values at which the 
experiments  were carried out.) I t  is evident  tha t  the 
J & B  values are in poor agreement  with Laval ' s  (1942) 
data,  the error being between 45-75 %, whereas (except 
for the highest  exper imental  point) our present cal- 
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F i g .  7. I n c o h e r e n t  s c a t t e r i n g  i n t e n s i t y  f o r  KC1.  T h e  so l id  
c u r v e  is o u r  d a t a  a n d  t h e  d a s h e d  c u r v e  r e p r e s e n t s  t h e  
v a l u e s  of J & B .  T h e  c rosses  a r e  t h e  e x p e r i m e n t a l  v a l u e s  of  
L a v a l .  ( T h e  t h e o r e t i c a l  c u r v e s  a r e  p l o t t e d  w i t h o u t  t h e  
B r e i t - D i r a c  f a c t o r . )  

culations agree ext remely well with the  experimental  
results. 

The inconsistency of Laval ' s  da ta  at sin 0/X = 0-4 is 
hard  to explain since Laval  has given no est imate  of 
his exper imental  error. The excellent agreement  of 
our values with the rest of his da ta  m a y  be somewhat  
fortuitous, considering the difficulty of obtaining 
precise exper imental  values of the incoherent  intensi ty.  
Also to be considered is the somewhat  less favorable 

Table 5. Calculation of the X-ray incoherent scattering function for C1- 

C1- 
s i n  0/~ fl~ f2s f2p fss f3v 

0"0 1 .0000  1 .0000  1 .0000  1 .0000  1 .0000  
0.1 0 .9992  0 .9832  0 .9851  0 .8022  0 .6990  
0.2 0 .9968  0 .9342  0-9421 0 . 4 1 6 0  0 .2705  
0.3 0 .9926  0"8584 0 .8755  + 0 .1251  + 0 .0508  
0-4 0 .9870  0 -7630  0"7919 --  0 .0048  --  0"0152 
0.5 0 .9796  0 .6562  0 .6983  --  0 .0312  --  0 .0175  
0"6 0"9710 0"5464 0 .6017  --  0"0168 --  0"0037 
0-7 0"9608 0"4398 0 .5076  + 0 .0036  + 0 .0088  

0'9 0'9364 0'2564 0'3415 0'0239 0'0180 
1.1 0"9074 0-1251 0 .2153  0"0213 0 .0157  

f2v, 2v fay, av fl~, 2v f2~, 2v fa~, 2v 
0.000 0.0000 0.0000 0.0000 0.0000 
0 .017  0 . 1 1 0 4  0 .014  --  0 -0904  0 -0218  
0 .018  0 .2017  0 . 0 2 8 4  --  0 .1739  0 . 0 3 4 3  
0-045 0 . 1 8 0 2  0 .0419  -- 0 .2439  0 -0322  
0 .0781  0 . 1 1 6 0  0 .0547  --  0 . 2 9 6 2  + 0 -0173  
0 .1087  0 .0601  0 .0669  - - 0 . 3 2 9 4  --  0 .9052  
0 .1387  0 .0235  0 .0779  --  0 .3440  --  0 .0288  
0 . 1 6 2 6  + 0 .0050  0 .0880  --  0 .3423  --  0 .0482  

0.1937 -0'0030 0 . 1 0 4 6  -0'3038 -0'0689 
0 .1999  --  0 .0001 0 .1164  -- 0 .2408  -- 0 .0679  

sin 0/ ;~ fl~,3v f2s,av f3s,3v .fzv,sv(O) f2v,sv(2) 
0-0 0 .0000  0 -0000  0 .0000  0 .0000  0 . 0 0 0 0  
0.1 0 .0028  0 .0184  --  0 .3010  0-0092 --  0 .0008  
0.2 0 .0059  0 .0305  --  0 .3301 0 .0329  --  0 .0125  
0.3 0 . 0 0 9 0  0 -0305  --  0 .2078  0 -0620  --  0 .0212  
0"4 0 . 0 1 1 8  0"0208 --  0"0891 0"0874 --  0"0256 
0"5 0"0142 + 0"0045 --  0"0208 0"1036 --  0"0244 
0"6 0 -0166  - - 0 " 0 1 3 5  4 0 " 0 0 6 2  0"1094 - - 0 " 0 1 8 8  
0"7 0"019I  - -0"0291  0 .0107  0"1065 - - 0 " 0 0 9 3  
0-9 0"0232 - -0"0471  --  0"0010 0 .0852  4 0 " 0 1 1 4  
1"1 0"0260 --  0"0488 --  0"0100 0"0588 + 0"0264 

fls,~s fls,3s f2s,ss Ilfiil 2 ~ 1 8 - ~ -  
0-0000 0 .0000  0 . 0 0 0 0  18.00 18-00 0 .00  
0 .0007  0"0002 0-0099 14-12 15-32 2-68 
0"0030 0"0007 0-0359 10-34 12"06 5-94 
0"0066 0 .0016  0"0689 8"50 9"86 8-14 
0 .0115  0 .0029  0 -0988  7"11 8"45 9-55 
0"0176 0"0044 0"1185 5-90 7"46 10-54 
0"0247 0"0062 0 .1254  4"89 6-62 11"38 
0"0326 0"0082 0"1208 4"10 5"84 12"16 
0"0500 0"0128 0"0901 3"04 4"50 13-50  
0"0681 0"0177 0-0528 2"44 3"48 14"52 



A .  J .  F R E E M A N  195 

T a b l e  6. Calculation of the X-ray incoherent scattering function for Ca ++ , Ca + and Ca 

Ca++ 

sin 0/2 /is f2s f2p fas f s ,  fls,2s fls,2p f2s,2p /2p,2p fls,88 
0.0 1.0000 1.0000 1.0000 1.0000 1.0000 0-0000 0.0000 0.0000 0.000 0.0000 
0-1 0.9994 0.9886 0.9903 0.8921 0.8717 0-0008 0.0124 -- 0.0738 0.000 0.0000 
0.2 0.9976 0.9551 0.9621 0.6304 0.5773 0.0025 0.0249 - -0 .1439  0.02 0.0005 
0.3 0.9947 0.9019 0.9172 0.3440 0.2854 0.0051 0.0371 - - 0 . 2 0 6 3  0.034 0.0013 
0.4 0-9906 0.8326 0-8585 0.1291 0.0924 0-0088 0.0486 -- 0 .2585 0-056 0.0023 
0.5 0.9853 0.7514 0.7898 0.0118 0.0017 0.0134 0.0599 -- 0-2986 0.080 0.0036 
0.6 0.9790 0.6633 0-7145 -- 0 .0294 -- 0.0229 0.0188 0-0704 -- 0 .3260 0.1043 0.0051 
0.7 0.9716 0.5724 0-6364 - -0 -0280  -- 0.0167 0.0250 0.0803 - -0 .3409  0.1284 0-0069 
0.9 0.9538 0.3979 0.4837 + 0.0085 4 0 . 0 1 2 7  0.0389 0.0977 -- 0 .3380 0.1692 0.0110 
1.1 0-9321 0-2501 0.3492 + 0.0293 + 0.0272 0.0542 0.1113 - - 0 . 3 0 3 5  0.1936 0.0157 

sin 0/2 
0"0 
0"1 
0"2 
0"3 
0"4 
0-5 
0"6 
0"7 
0"9 
1"1 

28, 38 
0.0000 
0.0077 
0.0281 
0.0565 
0-0869 
0.1136 
0.1324 
0-1418 
0-1342 
0"1041 

f3~,ep fl~,3p f2~,3~ fas.a, fa,.8, f2..a,(O) f2~,~p(2) Xl~tl 2 ~" 
0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.000 18.00 18-00 
0.0180 0-0035 0.0219 -- 0.2405 0-0493 0.0073 -- 0.007 16.02 16.79 
0-0307 0.0068 0"0385 - -0 -3618  0.1495 0-0268 - - 0 . 0 1 2  12.44 14-31 
0.0345 0.0101 0.0464 -- 0"3432 0.2157 0.0539 - -0 -019  9"95 11.99 
0.0285 0.0134 0.0442 - -0 .2455  0.2176 0-0829 -- 0.029 8"46 10.18 
0.0141 0.0165 0.0335 - -0 .1379  0.1747 0.1083 -- 0"033 7"26 8-84 

- -0 .0053  0.0195 0.0170 -- 0-0571 0.1186 0.1268 -- 0"034 6-16 7.84 
-- 0"0261 0.0224 -- 0.0069 - -0 -0103  0.0692 0.1370 - -0"029 5"23 7"05 
-- 0.0613 0-0275 - -0 -0365  4 0 " 0 1 3 3  0.0119 0 .1350 - -0-0111 3"89 5.74 
-- 0.0792 0.0318 - - 0 . 0 5 7 0  + 0"0020 -- 0.0038 0.1136 + 0.0106 3"05 4.64 

sin 0/2 
0"0 
0"1 
0"2 
0-3 
0-4 
0"5 
0"6 
0"7 
0"9 
1"1 

Ca + 

f4s fls,4s f2s,4s fSs,4S f4s,2p f4s,3p [~[[2 
1.0000 0.0000 0.0000 0.0000 0.0000 0.0000 19.00 19.00 

+ 0-2815 0.0001 0.0013 0-0464 0-0042 0.0610 16-10 16.89 
-- 0.0495 0.0002 0.0060 0.1077 0.0075 0.0119 12.44 14-33 
+ 0-0083 0.0004 0.0127 0.1022 0.0089 -- 0.0526 9.95 12.03 

0.0219 0.0007 0.0204 0.0560 0.0080 -- 0 .0660 8-46 10.22 
0.0107 0.0010 0-0278 + 0.0155 0-0050 - -0 .0470  7.26 8-85 

4 0 - 0 0 0 7  0.0014 0.0335 - -0 -0044  + 0.0004 - -0 .0235  6.16 7-85 
- -0 .0025  0.0019 0.0369 -- 0.0086 - -0-0051 - - 0 . 0 0 7 I  5.23 7.05 
-- 0.0015 0.0030 0.0364 40.0002 -- 0.0151 4 0 . 0 0 3 6  3.89 5.75 
-- 0.0019 0.0043 0.0291 0.0074 -- 0.0208 + 0.0014 3.05 4.65 

sin 0/2 
0"0 
0-1 
0"2 
0"3 
0-4 
0"5 
0"6 
0"7 
0"9 
1"1 

Ca 

f48 fls, 48 fg.s, 48 f3s, 4s f48,2p f48,3p I fi~] 2 ~" 
1.000 0.000 0.000 0.000 0.000 0.000 20"00 20.00 

4 0 - 1 9 8 3  0"000 0.0009 0.0417 0.0037 0.0526 16"10 16.9i  
-- 0"0396 0.0001 0"0049 0.0936 0.0065 + 0.0086 12"44 14.35 
+ 0"0087 0.0003 0.0107 0.0873 0.0076 -- 0.0462 9"95 12.05 

0"0160 0-0006 0.0173 0.0473 0"0069 - -0 .0565  8.46 10.23 
0"0076 0.0009 0.0236 + 0.0129 0.0043 -- 0-0398 7-26 8.86 

+ 0 " 0 0 0 2  0.0012 0"0285 - -0"0040 + 0 - 0 0 0 3  - -0"0199 6"16 7-85 
- -0"0026 0.0016 0"0313 - -0 .0073  - -0"0043 - -0"0060 5-23 7-05 
-- 0"0006 0"0026 0"0309 + 0"0002 -- 0"0128 + 0"0030 3"89 5"75 
-- 0"0029 0"0037 0"0247 0"0063 -- 0"0177 + 0"0012 3"05 4-65 

1 8 - - ~  

0"00 
1"21 
3"69 
6"01 
7"82 
9"16 

10"16 
10"95 
12"26 
13"36 

0 . 0 0  

2.11 
4.67 
6.97 
8.78 

10.15 
11.15 
11.95 
13.25 
14.35 

2 0 - - ~ -  

0.00 
3.09 
5.65 
7.95 
9.77 

11.14 
12.15 
12-95 
14.25 
15.35 

sin 0/2 

0-0 
0"1 
0-2 
0.3 
0.4 
0-5 
0.6 
0.7 
0.9 
1.1 

T a b l e  7.  Absolute and percentage deviations of the J & B  values f rom our data 

N a +  N a  K + C1- 

Diff .  % Diff .  Diff .  % Diff.  Diff.  % Diff .  Diff .  % Diff .  

0.0 0 0.0 0 0.0 0 0-0 0 
- - 0 . 4  71 - -0 .5  33 - - 1 . 4  93 - -1 .9  71 
- -  1.8 95 - -  1-8 62 - -  2.8 64 - -  2.3 39 
- -2 .0  58 - -2 -0  45 - -2 .6  39 - -2 .1  26 
- - 2 . 0  42 - - 2 . 0  34 - -2 .3  27 - - 2 . 0  21 
- -  1.7 29 - -  1.7 25 - - 2 . 2  2 3  - - 2 . 1  20 
- -  1 . 3  1 9  - -  1 . 3  1 7  - -  2 . 2  2 1  - -  2 . 2  1 9  

- -  1"0 14 - -  1"0 12 - -2 -3  20 - -2 .2  18 
--0"6 7 - -0"6 7 - -2 -2  17 - -2"0 15 
- -  0 " 4  5 - -  0 " 4  4 - -  2"0 15 - -  1"5 10 

Ca++ 

Diff.  % Diff .  

0.0 0 
- -0 -8  66 
- -3"0 81 
- -  2 . 8  4 ~  

- -  2.5 32 
--2.2 24 
- -  2.2 22 
- -2 .3  21 
- -2 -3  19 
- - 2 . 2  16 
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agreement between Laval's (1942) data for aluminum 
and (a ) tha t  of Walker (1956)and (b) our theoretical 
values (Freeman, 1959a) which were in excellent 
agreement with Walker's measurements. 
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Fig. 8. Incoherent  scatter ing in tensi ty  for CaF 2. The squares 
and tr iangles are the experimental  values of Cribier, the 
solid curve denotes our values and the dashed curve repre- 
sents the J&B data. 

Our results* for CaF2 are shown in Fig. 8 along with 
Cribier's (1958) measured values and the J&B results 
as tabulated in Compton & Allison for Ca ++ and F-.  
Plotted in Fig. 8 is the incoherent intensity per elec- 
tron, Pc, as given by the formula 

P c = B  [1 °qV(Ca+ +) nu 2~(F-) ] 
- j 

with B the Breit-Dirac factor. The agreement between 
our values and experiment is seen to be good over 
almost the entire range in sin 0/2. Difficulties in the 
experimental procedures (which includes some thee- 
retical calculations of the thermal diffuse scattering 
as well) preclude an accurate estimate of the experi- 
mental error, but it appears that  our data differs by 
no more than 15% from the experimental values 
listed, whereas the J&B data differs from this by from 
40 to 100 % over almost the entire range of measure- 

* The values for F- were taken from an earlier publication 
(Freeman, 1959c). 
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ment. At high angles (sin 0/2>0.5) our calculated 
intensity is below the Cribier data, but this is probably 
due to the difficulty of calculating the thermal diffuse 
scattering in this region (due to the importance of 
multi-phonon scattering). 

In general, the good agreement shown in :Figs. 7 
and 8 is consistent with the agreement found in the 
few other cases for which experimental evidence is 
available (Keating & Vineyard, 1956; Freeman, 1959a, 
1959b, 1959c) and adds further experimental confirma- 
tion to the validity of the Waller-Hartree expression. 

I am indebted to Dr John Wood for his help with 
some of the Whirlwind routines and to Mrs Joan 
Stekler of the MIT Joint Computing Group, and Mrs 
Anna Hansen and Mrs Athena Harvey of the Materials 
Research Laboratory for carrying out the desk machine 
computations. I am grateful to Dr D. Cribier for cor- 
respondence and for his data which he has so gener- 
ously supplied. 

Note added in Proof. Dr P. Meriel has kindly provided 
us with some of his unpublished measurements on :NaC1. 
Again our calculated values show a significant im- 
provement over the J&B values and are in good 
agreement with the experimental incoherent intensity. 
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